The dynamic effective mass density and bulk modulus of an inhomogeneous medium at low frequency limit are discussed. Random configurations in a variety of two-dimensional physical contexts are considered. In each case, effective dynamic mass density and bulk modulus are calculated based on eigenmode matching theory. The results agree with those provided by Martin et al. [J. Acoust. Soc. Am. 128, 571-577 (2010)] obtained from effective wavenumber method.
I. INTRODUCTION
The recent surge of research into the properties of metamaterials and phononic crystals has heightened our attention to the effective properties of random composites. [1] [2] [3] [4] [5] Some of this interest has been directed at the effective mass density and bulk modulus of the random medium. [2] [3] [4] [5] [6] [7] [8] [9] There are many existing formulas, which have been summarized in a review section by Martin et al. 9 The simplest is the static estimate. For a two-phase composite (matrix of density q 1 and inclusions of density q 2 ), the static estimate is q e ¼ ð1 À /Þq 1 þ /q 2 , where / is the filling ratio of the inclusions. However, one can also consider the dynamic problems, followed by taking a low-frequency limit. The dynamic mass density can differ significantly from the static estimate. 3 Ament 10 and Fikioris and Waterman 11 obtained the following formula for three-dimensional problems:
with
where the subscript 3 denotes three dimensions. Mei et al. 3, 4 have derived the two-dimensional version of Ament's formula by taking the long wavelength limit of the rigorous multiple scattering theory, which is
where the subscript 2 denotes two dimensions. Martin et al. verified Eq. (3) by using the formula for the effective wavenumber obtained from Linton and Martin. 6 Torrent et al. 5 have also derived Eq. (3) by studying multiple scattering of sound by clusters of fluid cylinders embedded in a nonviscous fluid or gas. Note that the periodic square arrangement of cylinders discussed by Mei et al. 3, 4 is a special case of random composites. It can be seen that Eq. (3) is different from Berryman's formula, 9, 12 which is
The purpose of this paper is to provide an independent analytical verification of Eqs. (1)- (4).
II. EFFECTIVE MATERIAL PARAMETERS IN THE LONG WAVELENGTH LIMIT
At the low-frequency limit when a wave passes through an arrangement of structures that are much smaller than its wavelength, the wave does not know about the substructures of the system, such as distribution, periodicity, arrangement, or order of the scatterers and only sees an entirely new material with well-defined effective material parameters, which means that the wave experiences the material as though it were uniform but with different properties than the constituent materials. Equations (1)- (4) show that the dynamic mass density q e indeed only depends on three elements, q 1 , q 2 , and /, and not on the structure of the system. In this paper, we use what we believe is the simplest model that is capable of capturing all the essential elements of a random composite at low frequency limit, a dual-layer model, to derive the effective dynamic mass density, q e , and modulus parameters, E e , k e , and l e . Figure 1 (a) schematically shows a two-phase composite (Medium 1 and Medium 2) consisting of a cluster of randomly distributed inclusions (the filling ratio of Medium 2 being /). A special case of this random composite is a single dual-layer scatterer with outer and inner radii of the coating layer being a and b (chosen properly so that / ¼ b 2 =a 2 ), respectively, as shown in Fig. 1(b) . While an extremely simple model, it captures all the essential elements of the random composite at low frequency limit. The matrix medium of infinite extent is labeled as Medium 0, the coating is labeled as Medium 1, and the core labeled as Medium 2. Throughout this paper, when necessary, subscripts 0, 1, and 2 are used to designate physical quantities that belong to the matrix, the coating, and the core, respectively. The scattering problem of a dual-layer model is simple enough to be solved exactly and thus can provide a rigorous verification of the existing formulas. In the low frequency region where any fluctuations in the composite properties are averaged out, this dual-layer model is equivalent to a single uniform scatterer of radius a, labeled as Medium e (which means "effective"), as shown in Fig. 1(c) . It is uniform but with different properties than the constituent materials. By applying the eigenmode matching theory 13 to the dual-layer model and the uniform scatter, we can derive the relation between q 1 , E 1 , k 1 , l 1 , q 2 , E 2 , k 2 , l 2 , q e , E e , k e , and l e .
We here consider a variety of two-dimensional problems. These systems have in common that Medium 0 is always a compressible fluid, but Medium 1 and Medium 2 can be either fluid or solid.
A. Fluid-fluid system For one uniform "effective" cylindrical scatterer, the exact solution can be constructed by separation of variables. Then we obtain the Helmholtz equations ðr 2 þ k , where E is the bulk modulus and q is the density.
Outside the cylinder, we have incident wave and scattered wave, i.e., P 0 ¼ P inc þ P sc , and there exists a refracted wave inside the cylinder P e ¼ P r , where
where A m , B m , and C m are unknown complex constants and are called wave expansion coefficients. In this paper, J m ðxÞ and H m ðxÞ denote the mth-order Bessel function and Hankel function of the first kind, respectively. The continuity of pressure and radial velocity across the interface r ¼ a, i.e., 
To get the natural frequency, we make the following determinant vanish: 
Similarly, for a dual-layer cylinder as shown in Fig. 1 , within the coating layer (Medium 1), the wave can be expressed as
where D m and E m are wave expansion coefficients. The continuity of pressure and radial velocity across the two interfaces r ¼ a and r ¼ b gives 
To get the natural frequency, we make the following determinant vanish: 2 ), respectively. While an extremely simple model, it captures all the essential elements of the random composite at low frequency limit. In low frequency region where any fluctuations in the composite properties are averaged out, this dual-layer model is equivalent to a single uniform scatterer of radius a, labeled as Medium e (which means "effective"), as shown in (c). It is uniform but with different properties than the constituent materials. By applying the eigenmode matching theory (Ref. 13 ) to the dual-layer model and the uniform scatter, we can derive the relation between q 1 , E 1 , k 1 , l 1 , q 2 , E 2 , k 2 , l 2 , q e , E e , k e , and l e . Substituting Eq. (11) into Eq. (14) and eliminating the terms containing k 0 , we obtain 
Since in low frequency region, only the first several channels make significant contribution to the total field, we then apply the eigenmode matching theory 13 to the first two channels (m ¼
At the low-frequency limit, Eq. (16) is reduced to
Substituting / ¼ b 2 =a 2 into Eq. (17) gives
which is consistent with the existing formula for effective bulk modulus. 
which can be simplified as
which is precisely Eq. (3)
where Q 2 is given by Eq. (4). This result verifies the assumption that the dynamic effective parameters do not depend on the substructure of the system and thus can be obtained by a simple dual-layer model without calculating the multiple scattering between the scatterers. The method used herein is readily extended to three-dimensional problems with random configurations of spheres. Following the same procedure, we derived the effective material properties for fluid-fluid system in three-dimensional space. Detailed derivation is provided in the Appendix. The result for effective mass density agrees with Eq. (1).
B. Solid-solid system (anti-plane shear)
We then consider the anti-plane shear in a solid composite in two-dimensional space. The problem of scattering by one cylinder is almost the same as for the fluid-fluid problem. We have the Helmholtz equations ðr 2 þ k Comparing the boundary conditions, i.e., Eqs. (9) and (23), and the respective expressions for wave speed shows that all the results of fluid-fluid system can be reused by just replacing q and E in the fluid-fluid system by 1=l and 1=q in the anti-plane solid-solid problem, respectively. Thus, from Eqs. (18) and (22), we obtain
and
Equations (24)- (26) agree with the formula provided by Bose and Mal 14 and Martin et al.
9
C. Solid-solid system (plane strain)
We here consider an effective elastic cylinder of infinite length (Medium e) in a compressible inviscid fluid (Medium 0). Two types of waves can coexist in an elastic medium, propagating independently at different speeds:
where k and l are the two Lame constants. Let the superscripts p and s denote P wave and S wave, respectively.
The following boundary conditions are applied at the boundary of the elastic cylinder and the fluid: (i) the pressure in the fluid must be equal to the normal component of stress in the solid, (ii) the normal component of displacements (velocities) must be continuous, (iii) the tangential component of shearing stress must vanish at the interface. Therefore, for a single elastic cylindrical scatterer of radius a, the natural frequency can be calculated by the following equation Comparison between Eqs. (11) and (27) will show how different or similar the wave perceives a solid scatterer from a fluid scatterer at the low frequency limit. From Eq. (27), we obtain the following results for solid-solid system in the first two channels in low frequency region:
!
À2ðk e þ l e Þ=ðxaÞ; m ¼ 0 channel;
From Eq. (11), we obtain the following results for fluid-fluid system:
Comparing Eq. (28) with Eq. (29) shows that all the results of fluid-fluid system can be reused by just replacing E in the fluid-fluid system by k þ l in the plane strain problem. Note that the quantity k þ l is just the plane strain bulk modulus for solids. Thus, from Eqs. (18) and (22), we obtain
where Q 2 is given by Eq. (4). This result is consistent with the formula provided by Martin et al.
9
For a special case where Medium 1 is fluid and Medium 2 is solid, such as the phononic crystal composed of a hexagonal array of aluminum cylinders in air, 3, 15 the effective scatterer is then a fluid, and Eq. (30) becomes
which agrees with the formula provided by Mei et al. 3 and Torrent et al. 5 Similarly, for another special case of plane strain where Medium 2 is fluid and Medium 1 is solid, the effective scatterer is then a solid, and Eq. (30) becomes
III. CONCLUDING REMARKS
In this paper, random configurations in a variety of two-dimensional physical contexts are considered, and the effective dynamic material properties are calculated based on eigenmode matching theory. The central idea is that at the low-frequency limit, when a wave passes through an arrangement of structures that are much smaller than its wavelength, the wave does not know about the substructures of the system, such as distribution, periodicity, arrangement, or order of the scatterers, and thus the effective material parameters can be calculated directly from a dual-layer model, which we believe is the simplest model that is capable of capturing all the essential elements of a random composite at low frequency limit. The scattering problem of a dual-layer model, as a special case of the random composite, is simple enough to be solved exactly and thus can provide a rigorous verification of the existing formulas. The only approximation involved in our derivation is the low-frequency approximation for the Bessel functions. The derivation is exact up until Eq. (15), and then the low-frequency approximations for the Bessel function have been used to derive the effective material parameters. So the derivation is valid in the lowfrequency limit where the omitted terms in the expansion of Bessel functions are negligibly small. Since the effective material parameters are invariant with the arrangement of scatterers, it may be useful to re-evaluate some of the published work that correlates with the effective dynamic material properties with the system structure in this frequency region. Our results show that the solutions provided by Martin et al. 9 are correct for predicting dynamic wave properties in low frequency region. It should be noted that the method of Martin et al. 9 requires the effective wavenumber to be calculated first using Lax quasicrystalline approximation. 6 This paper presents a simpler, more straightforward approach that is much easier to implement. It also applies very well to the analysis of flexural wave scattering in a heterogeneous thin plate in low frequency region. 16 
APPENDIX: FLUID-FLUID SYSTEM IN THREE-DIMENSIONAL SPACE
The standard methods to solve the basic scattering problems for one sphere are well known and can be found in Morse and Ingard 17 and Faran. 18 The analysis is very similar to that for the cylindrical case. For one uniform "effective" spherical scatterer, the exact solution can be constructed by separation of variables. Outside the sphere, we have incident wave and scattered wave, i.e., P 0 ¼ P inc þ P sc , and there exists a refracted wave inside the sphere P e ¼ P r , where
where a ml , b ml , and c ml are wave expansion coefficients, j m ðxÞ and h m ðxÞ denote the mth-order spherical Bessel function and spherical Hankel function of the first kind, respectively, and P l m ðxÞ is the associated Legendre function of integer degree m and integer order l.
The continuity of pressure and radial velocity across the interface r ¼ a, i.e., 
Similarly, for a dual-layer sphere with outer and inner radii of the coating layer being a and b (chosen properly so that / ¼ b 3 =a 3 ), respectively, within the coating layer (Medium 1), the wave can be expressed as 
We then apply the eigenmode matching theory 13 
